Abstract: Aerobic processes using sequencing fed-batch bioreactors are an effective technology to treat wastewater with toxic compounds. In order to implement optimal control schemes it is convenient to assess the biodegradation rate on-line. In this work, the dissolved oxygen concentration is used as output variable from the process to estimate this rate using a robust observer based on the generalized supertwisting algorithm. It does not require complete knowledge of the system dynamics or its parameters and is capable of estimating the biodegradation rate despite uncertainties and significant sensor and signal conditioning dynamics. The observer is then used for the implementation of a time-optimal output feedback controller that regulates the feed rate in a sequencing batch bioreactor used to treat toxic wastewater. This is tested using numerical simulations with promising results, while discussing the trade-off between allowed signal noise and convergence speed of the observer and how this affects the controller performance.
INTRODUCTION
Industrial wastewater often contains compounds that are difficult to degrade by conventional wastewater treatment technologies. This is mainly due to the fact that these compounds may be toxic to the consortium of microorganisms that are used to biodegrade them, such that even comparatively low concentrations may inhibit their growth and thus hinder biodegradation efficiency. Additionally, the influent concentrations of these compounds can reach very high concentrations and be highly variable in nature. For example, wastewater from the chemical and petrochemical industries may contain phenol in concentrations up to 30-50 g/L [Olguín-Lora et al., 2003 ]. However, sequencing batch reactor technology has proven to be a suitable alternative to cope with such difficult wastewaters [Wilderer et al., 2001] . It is characterized by its operation in well defined phases, namely: fill, react, settle, and draw, with a possible dead time before starting the next cycle.
Recent developments point to feedback control schemes that regulate the feed to the bioreactor in order to keep the biodegradation rate near its maximal value [Betancur et al., 2006] . This has successfully been tested in experimental pilot plants, showing significant improvement in performance compared to conventional (open-loop) strategies [Buitrón et al., 2005] . The variable that is used to determine the feeding regime is the oxygen mass uptake rate (OMUR), which is the rate at which oxygen in the liquid phase in the bioreactor is consumed. The feed pumps are turned on and off trying to keep the OMUR at its maximum during feeding, since the OMUR is proportional to the specific biodegradation rate. This not only optimizes the time it takes to completely mineralize the substrate contained in the exchanged volume, but it also prevents inhibition of the biomass by not allowing high concentrations of substrate during the reaction phase.
The above scheme, proposed by Betancur et al. [2006] , has the drawback that it estimates the OMUR by numerical differentiation of the dissolved oxygen concentration signal, but the signal conditioning of both the original measured signal and its numerical derivative lead to significant delays in the OMUR estimation. This has a negative impact with respect to the practical implementation of the controller. Furthermore, the estimation of the OMUR in that case depends on good knowledge of some model parameters.
In this paper we explore the possibility of using an robust observer to estimate the OMUR. It is designed using the generalized super-twisting algorithm, which is presented in the next section specifically for observer design. Next, the output-feedback controller design using a series connection of three generalized super-twisting observers (GSTO) for the aerobic bioreactor model is described. This includes a mathematical model description of the bioreactor, the observer design for both the reactor and the linear signal conditioning filters, and a brief description of the controller using the OMUR as input. Following this, simulation results are presented, showing the performance of the observer and the output-feedback controller, together with a discussion on the impact of signal noise and parameter uncertainty. Finally conclusions are presented.
THE SUPER-TWISTING ALGORITHM
Consider a second order system given in observability form with output injection and non-necessarily vanishing, but globally bounded, perturbation terms:
Now consider the following generalized super-twisting observer (GSTO):
The dynamics of the estimation error e =x − x arė
where
whereby q ≥ 1 ≥ p ≥ 1 2 . The error dynamics generalize the classical super-twisting algorithm [Dávila et al., 2005] , which occurs when q = 1, p = 1 2 , µ 1 = 1 and µ 2 = 0, while one recovers a linear (Luenberger) observer if q = 1, p = 1 2 , µ 1 = 0 and µ 2 = 1. Moreno [2011] has shown that for p = 1 2 and q = 1, adequate gains k 1,2 and (and µ 1,2 ) can be found such that the origin of (3) is finite-time, uniform, and practically stable, i.e., all trajectories of system (3) starting in a neighborhood of the origin converge in finite time to the origin. They also converge to a neighborhood of the origin in finite time with a convergence time that is uniformly (upper) bounded with respect to the initial condition, and this happens for a family of perturbations that are non vanishing at the origin, but that are globally bounded. This is a very useful result and will be explored for estimating the reaction rate in an aerobic bioreactor. In fact, similar GSTO designs have been used for mechanical systems [Cruz-Zavala et al., 2010] and for ouptut-feedback controller design in chemical reactor systems [Moreno et al., 2010] 3. OUTPUT-FEEDBACK CONTROLLER DESIGN
Bioreactor model
We first assume that the total biomass growth is not significant during a single batch in an aerobic bioreactor used to treat a single substrate. The consequence of this is that biomass concentration depends only on the current volume in the bioreactor, which changes only due to the influent flow rate. Defining w = V 0 /V , where V 0 is the initial volume and V is the current volume of mixed liquor in the fed-batch reactor, and u = Q in /V 0 , where Q in is the influent flow rate, the dynamics of a fed-batch bioreactor can then be modeled using mass balances bẏ
2 u, w(0) = 1 (10) Here, s represents the substrate concentration, µ(s) is the specific metabolic respiration rate, while α is a constant which depends on the total biomass in the reactor and s in is the substrate concentration in the influent. On the other hand, c is the dissolved oxygen (DO) concentration, c sat is the DO saturation constant, b is the specific endogenous respiration rate and κ is the oxygen mass transfer rate (usually denoted as k L a). Notice that in a fed-batch reactor, w is a decreasing function and 1 ≥ w ≥ w min = V 0 /V max .
Observer design for the bioreactor
For controller and observer design purposes, we consider that the input to the system is u and the measured output is y = c. We define the oxygen mass uptake rate (OMUR) as the sum of µ and b, which is a quantity proportional to the specific biodegradation rate, αµ:
A useful transformation for observer design purposes is to consider the dynamics of the normalized oxygen mass,
.
On the other hand, the dynamics of ρ may be largely unknown, but at least they are bounded, since we assume that µ(s) is bounded (0 ≤ µ ≤ µ max ) and furthermore dµ ds is also assumed bounded. So thereforeρ = dµ ds ṡ = δ 2 (t), a bounded time signal. Letting x 2 = −ρ we then have thaṫ
This is precisely in the form (1), so a GSTO design is straightforward. However, the DO concentration that is measured is not truly the DO in the mixed liquor, c(t), due to the inherent sensor dynamics and the necessary signal conditioning, e.g. to filter measurement noise. If the time constants associated with this conditioning are significant, it may become a problem for either controller or observer design. Previous results have shown that a linear secondorder model is suitable for representing both the sensor and the signal conditioning dynamics [Betancur et al., 2008] :
whereby y is the signal available for the design of the observer and z is an additional state introduced by the first filter.
A GSTO for a linear filter
Consider the following linear first order filter:
where y is the measured signal and u is the input to the filter. We want to estimate u in order to recover the original signal before the filter, using only measurements of the filtered signal. Suppose we additionally have some information about the original signal u(t), for example some idea about its dynamics:
where f u (t) is a known signal and δ u (t) is an unknown perturbation term.
Define the change of variable ξ = τ y; theṅ
Now consider the estimatoṙ
such that the estimation error e ξ =ξ − ξ, e u =û − u has the following dynamics:
This is in the form (3), so under a proper choice of k 1,2 (and µ 1,2 ), finite time convergence and robustness with respect to the unknown dynamics given by δ u is guaranteed. Note that even if the single parameter τ is not known exactly, the observer will work nevertheless; there is an additional perturbation term in the dynamics ofξ andξ will converge toτ y, but neverthelessû will converge in finite time to u.
Series connection of estimators
The former result, together with its robustness and finitetime convergence properties, allows the series connection of several GSTO's, to be used for estimation of the OMUR in a bioreactor with filtered (and thus delayed) measurements of the dissolved oxygen concentration.
We can use them as follows:
(1) Use a GSTO as input estimator (16) using y(t) as measured signal to estimate z(t), using the dynamics (13). Use the estimated dynamics of the first filter for the term f u :
Note thatĉ, an estimate of the true DO concentration, must be used; this signal is generated by the next estimator in series. However, if the gains of the observer are chosen correctly the term may be not be needed.
(2) Use another GSTO input estimator (16) using the previousẑ(t) as surrogate measured signal to estimate the signal c(t). Use the estimated dynamics of the dissolved oxygen concentration for f u :ξ
The estimated OMURρ is used; this signal is generated by the next observer. Again one may simplify the design by not feeding back some terms before k 4 φ c,2 , if the gains of the GSTO are chosen properly, i.e. the dynamics of c(t) may be assumed completely unknown. (3) Finally, use another GSTO for estimating the OMUR ρ(t) usingĉ(t) as surrogate measured signal:
, e 3 =ξ 3 −ĉ w ,
This is the GSTO that would have been designed for system (12), but usingĉ instead of c. Remark 1. The error dynamics will converge to the origin in all observers with a proper choice of gains, even despite the fact that we are not using a measured signal as "input" to the observer in (19) and (20) . This is because all mismatches will end up in the corresponding perturbation terms. This is no problem since the observer does not require them to be vanishing at the origin. Remark 2. The resulting observer has 6 states, and 6 gains must be adjusted. Each of the 6 nonlinear discontinuous functions φ {w,c,ρ},1 and φ {w,c,ρ},2 may be defined by different values of corresponding p, q, µ 1 and µ 2 .
Even though the error dynamics of the system are not decoupled, because of the finite-time convergence properties, the systems will eventually become so. If one considers the first subsystem of the first two equations with sufficiently fast convergence, then after some finite time it will happen thatz = 0 and thus the second subsystem will be decoupled from the first. Thenc = 0 after another finite time and the third subsystem will decouple from the second, which will eventually lead toρ = 0 also in finite time.
A time-optimal control strategy
When the substrate to be biodegraded is toxic, it becomes inhibitory at sufficiently high concentrations. This can be modeled by the function µ(s) satisfying µ(0) = 0, lim s→∞ µ(s) = 0 and with a maximum µ * at some value s * . A time-optimal control strategy for a fed-batch bioreactor with this type of biodegradation kinetics is to start filling at the maximal flow rate available (in this case u max ) until s = s * . Then regulate the flow rate to maintain s(t) = s * until the maximal volume is reached (in the model (8)-(10) until w(t) = w min ). Finally, stop feeding and wait until the substrate is consumed and s(t) ≤ s min .
Such a control strategy cannot be implemented without perfect parameter knowledge and measurement of the substrate concentration. Therefore other strategies are sought. If the OMUR were measured, then a control strategy could attempt to bring ρ to its the maximal attainable value, which also happens when s = s * , for as long as possible (i.e. while w > w min ). One way to do it using event detection has been explained by Betancur et al. [2006] , leading to a controller that either sets the inflow
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to u = u max or u = 0. Another possibility is extremumseeking control [Dochain et al., 2010] , but here a simpler controller is used, namely a modified PI controller with anti-windup, which considers the sign of the unmeasured signal µ ′ = dµ ds in the reference error calculation.
The signalσ estimates the function sign(µ ′ ), which should be positive, i.e. 1 when s < s * and negative, i.e. −1 when s > s * . This signal is constructed using only the information provided by the measurement of ρ, but due to lack of space cannot be explained here; however it does require keeping track of which side of the µ(s) curve the system is currently on and detecting whether a crossing to the other side has taken place. Furthermore, the controller requires establishing correctly the setpoint as the maximal value ρ * = µ * +b. This is done by keeping track of ρ max (t), the maximal attained value of the measured ρ so far, and using as setpoint the signal
It is important to note that although the biomass is not considered explicitly in the model, it may grow slowly during the fed-batch that takes place. The controller takes care of this situation by keeping track of the maximally attained value of ρ, adapting the setpoint as needed. This only works if the rate of biomass growth is significantly lower than the rate of substrate biodegradation.
The controller can regulate the measured ρ near its setpoint thanks to the alternating negative and positive feedback of the error signal (ρ ref − ρ). It is not difficult to prove that the system with such a PI controller is locally stable. The output feedback controller is constructed by using the estimatedρ signal coming from the observer instead of ρ. The next section presents simulation results of such a construction. Since the GSTO converges in finite time, the controller design can be decoupled from that of the observer.
SIMULATION RESULTS
Both the proposed modified PI controller and the GSTO's for estimating the OMURρ and the true DO concentration c from the signal conditioning and sensor model dynamics were simulated in Simulink under Matlab ver. 7.5.0 2007b. Colored noise was added to the c(t) signal. The observer was tested both in open loop, i.e. assuming that indeed the signal ρ(t) was measured from the system and used in the controller, and in closed loop, using the estimatedρ(t) as input to the controller.
The function µ(s) was implemented as a modified Haldanelaw, which is a rational function of s with a single maximum at µ * = µ(s * ); the law, together with a graph showing its form are shown on figure 1. The parameters used for the bioreactor model are summarized in table 1. 
The GSTO and controller parameters were first calibrated in open loop, i.e. using the true ρ(t) as input to the controller. Also, the exact knowledge of the plant parameters was assumed. In the three observers used, the same values of p = 1 2 and q = 2 were used to ensure finite time convergence under bounded perturbations. The observers' parameters are shown in table 2. The controller's PI parameters were: k p = 0.35, T i = 1.2 h, T aw = 0.5 h. These parameters were chosen according to previous experience in the tuning of the simulation model. 
Performance of the observer and the controller
In order to illustrate the advantage of using feedback control for this system, figure 2 shows the substrate concentration s(t), the true OMUR ρ(t) and the estimated OMURρ(t) when the usual SBR operational strategy (filling at maximal flowrate until w = w min and then waiting until the substrate is mineralized), while figure 3 shows the same variables under the modified PI control. These two graphs were obtained simulating without added noise in the bioreactor model output. It is clear that trying to maintain the OMUR near its maximum value leads to significant savings in biodegradation time (notice the different time scales in both figures). In both cases filling starts after 0.3 h in order to pre-aerate the bioreactor and allow the observers to initially converge. Afterwards, convergence of the observers is very good, although there is the inevitable chattering effect due to the sign function. For these observers the gains of table 2 were multiplied by 10 since no noise was present and thus do not suffer from the typical noise amplification that occurs for high gain PI controller, using ρ(t) to determine the flow rate u(t). Figure 4 shows the estimation of the dissolved oxygen concentration in the mixed liquor, using the proposed two GSTO in series. It is interesting to notice how despite the signal conditioning filters and the dynamics of the DO sensor, which provide a measured DO signal y(t) that is significantly delayed with respect to the original one c(t), the estimateĉ(t) of the latter is very accurate.
Performance under parameter variability
When the observer is tested with added colored noise to the signal c(t) (which is partially filtered by the signal conditioning filters) and the parameters in the observers differ from those of the bioreactor, the estimates have an expected offset and additional noise, but the trend of the OMUR estimateρ remains unaltered. This is illustrated for a ±10% change in the value of κ and a ±5% change in the value of c sat on figure 5. Regarding the controller, this offset should not matter much as long asρ remains proportional to ρ, which in turn is proportional to µ. Recall that the controller is only concerned with maintaining ρ(t) near its maximally attained value. In this sense, the fact that the output injection f 1 (y, t) term is not canceled completely in the observers (2), does indeed alter the estimation of the OMUR, but nevertheless the signalρ There exists a clear trade-off between allowed signal noise in the measurements and the speed of convergence of the observers, which is established by the gains k 1,2 and µ 1,2 . One has to sacrifice speed of convergence and thus accept a delay between the estimatedρ and the true OMUR ρ(t) if the goal is to have a certain degree of immunity to noise. The GSTO performs quite well considering the fact that in essence it differentiates numerically three times.
Performance of the output feedback controller
The last test to perform under simulation is to use the estimated OMUR signal from the GSTO as input to the modified PI controller and assess its performance even with sensor measurement noise. This is shown on figure 6 for the substrate signal s(t), and for the true OMUR ρ(t) and its estimated valueρ(t), first with no parameter uncertainty and then with a 10% increase in the value of κ and 5% increase in the value of c sat used in the observer. As can be seen, under proper calibration, the controller is capable of handling the variations in the OMUR estimate due to noise and that are amplified by the observer. With parameter mismatch the estimated OMUR does not converge to the true OMUR and the controller aims at maximizingρ; however, the net result is nevertheless an optimization of the biodegradation rate. This is clear if the substrate concentration profiles for both simulations are compared; they remain close to the optimal value of s * for most of the bioreaction, leading to similar durations for complete mineralization of the fed substrate.
Furthermore, figure 7 compares the input u(t) to the bioreactor when the controller uses the true OMUR ρ and when it uses the estimatedρ(t) (output feedback). In the first case, the input is somewhat smooth, which is desirable since the feeding pumps would operate at a slowly changing speed throughout the filling phase. On the other hand, when the output feedback controller is used, the pumps switch on and off more often. However, if compared to the strategy proposed by [Betancur et al., 2006] , at some times also the pumps operate neither completely on nor off, and under proper calibration this may lead to a better operating scheme. In any case, the OMUR and thus the biodegradation rate is kept near its optimal value throughout the fill and reaction phases, thus optimizing the duration of the bioreaction. 
CONCLUSION
In this paper the design of a generalized super-twisting observer, a type of second-order sliding mode observer, has been applied for the estimation of the oxygen mass uptake rate in an aerobic fed-batch bioreactor. This signal is important because it is proportional to the specific biodegradation rate and thus can be used in a feedback controller to establish the feed rate. The coupling of the proposed observer and a modified PI controller leads to an output feedback controller that minimizes the biodegradation time in a fed-batch bioreactor used for toxic wastewater treatment by indirectly maximizing the degradation rate. The simulation results show the applicability of the design even under parameter uncertainty and point to the trade-off between adequate controller performance and measurement signal noise.
